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TO 

COLONEL JOHN T. L. PRESTON, 

Professor of Latin language and English Idterature, Virginia 

Military Institute, 



I AM sure my associate Professors will vindicate the grounds 
upon which you arc singled out, as one to whom I may appro- 
priately dedicate this work. 

As the originator of the scheme, by which the public guard 
of a State Arsenal was converted into a Military School, you have 
the proud distinction of being the ^' Father of the Virginia Mili- 
tary InstitvteJ' You were a member of the first Board of Visitors, 
which gave form to the organization of the Institution; you 
were my only colleague during the two first and trying years 
of its being; and you have, for a period of twenty-eight years, 
given your labors and your influence, in no stinted measure, 
not only in directing the special department of instruction 
assigned to you, but in promoting those general plans of 
development, which have given marked character and wide- 
spread reputation to the school. 

Nor is it without reason that this work, more than any other 
of my mathematical series, is dedicated to yon. Descriptive 
Geometry was scarcely known in the schools and colleges of 
Virginia, when the Virginia Military Institute, by its distiiic- 
tive scientific character, made instruction in a full course of 
Descriptive Geometry and its applications, a necessary part of 
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VI DEDICATION. 

its programme of studies. It was thus that it was proposed, 
in part, to qualify the young men of Virginia for honorable 
industrial pursuits ; that they might, as civil engineers, archi- 
tects, machinists, and manufacturers, lend their aid in devel- 
oping the wealth and industry of this Old Dominion. 

No one knows the weight of all these influences, so happily 
exerted by you, as well as myself; and in recognizing a claim 
founded upon long and faithful public service, I but give ex- 
pression to those sentiments of aiFectionate regard and esteem 
which I have ever cherished towards you, and which the lapse 
of time has served only to strengthen and confirm. 

FRANCIS II. SMITH. 
Virginia Military Institute, 
November 11, 18G7. 

2Sth Anniversary of the Va. Mil. Intt. 



PREFACE. 



Descriptive Geometry is comparatively a modern science. 
The necessity of having drawing plans for workmen employed 
in public constructions had long since impressed architects, en- 
gineers, and master builders, with the importance of presenting, 
in a practical form, the established principles of Geometry, in a 
way to be made available in graphic representations of bodies. 
But it was not until towards the close of the last century that 
these principles were generalized and reduced to the order of a 
science. The honor of this important labor of genius belongs to 
M, Gaspard Monge, at that time Professor in Vecole Normcde 
of France, and subsequently Professor in the celebrated EcoJe 
PolytechnlquG of Paris. The work in which the principles of 
the new science were presented, was published in the proceedings 
of the Normal School, under the name of Le(;ons de Geometric 
Dcsonptive, and is a model of perspicuity. In his expressive 
words, he says : " C^est une langue necessaire a Vhomme de genie 
qui conQoit un projet, a eeux qui doivent en deriger Vexecutioriy et 
au.v artistes qui doivent eux-mcmes en executer les d iff erentes parties. ^^ 

The lessons of M. Monge were republished by M. Hachetiey 
with a supplement, in 1812. In 1818, M. i. i. VaUee, an 
iUve of the Polytechnic School, extended the labors of his dis- 
tinguished Professors, Monge and Hachette, and published his 
valuable work on Descriptive Geometry, under the authority of 
the Royal Academy of Sciences of the Institute of France, with- 
the approval of the savans Delambre, Prouy, Fourier, and Arago. 
The principles laid down in the lessons of Monge, as extended 
by Hachette and Valine, constitute the basis of the wonderful 
developments of Descriptive Geometry which have been made 
within the last thirty years, under the labors of Leroy, Babinet, 
Lefebure de Fourcy, Olivier, Dela Gournerie, and others ; so that 
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VIU 1»REFAC^. 

the science, as it is now presented, with its various applicationd 
to Shades, Shadows, and Perspective, Stone Cutting, and Topo- 
graphy, constitutes an important and essential branch of study, 
for all who are called upon to apply graphic constructions, 
whether in engineering, fortification, designing, architecture, or 
machines. 

The distinctive character of the institution to which the labors 
of the author are especially devoted, has always given promi- 
nence to Descriptive Geometry in its course of studies ; and the 
present work, the result of thirty years experience in teaching the 
subject, has been prepared for the use of the cadets. It is no 
less designed for the general student, and it is hoped will prove 
an auxiliary to the study of this branch of mathematical science. 

Without following the arrangement of any other work, 
material assistance has been drawn from all the works above 
cited, and especially from the valuable treatise of Lefehure de 
Fourcy, 

Part I. relates to the Point, Right Line, and Plane. 

Part II. will contain Curved Surfaces. 

Part III. The Method of Projection on One Plane. 

Part IV. Spherical Projections. 

Part V. Shades, Shadows, and Perspective. 

The author would acknowledge his indebtedness to Capt. H. 
H. Dinwiddie, Asst. Professor of the Va. Military Institute, for 
the drawings from which the plates used in this work were 
made. 

ViuoiNiA Military Institute, 
November 23, 1867. 

The Mathematical Series of the Virginia Militarj^ Institute, 
as published by Kelly & Piet, Baltimore, embrace. 

Smithes Primary Arithmetic. 

Smithes Arithmetic for Schools and Acailetnies. 

Smithes Algebra. 

Sm,ith^s Legendr^s Geometry. 

Smithes Lefebure de Fmirc^f^s Trigonmnetry. 

Smithes BioVs Analytical Geometry. 

Smithes I>escriptive Geometry/. 
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THE POINT— THE BIGHT LINE— THE PLANE. 



DESCRIPTIVE GEOMETRY. 



INTEODUCTION. 

Definitions and Propositions of Geometry with respect to a Bight 

Line and Plane considered in Space. 

DEFINITIONS. 

Definition 1. A 'plane is a surface, in which, if any two 
points be taken at will, the right line joining them will lie 
wholly in the surface. 

Def. 2. If a right line have only one point in common with 
a plane, part of the line^will lie on one side, and part on the other 
side of the plane. 

Def. 3. Planes, although limited in the construction of all 
geometrical figures, are considered as indefinite in extent. 

Def. 4. A right line is said to be perpendicular to a plane, 
when it is perpendicular to all right lines drawn through its 
foot in that plane. 

Def. 5. If a right line be perpendicular to a plane, wo say, 
reciprocally, that the plane is perpendicular to the line. 

Def. 6. Oblique lines are those which meet a plane, and are 
not perpendicular to it. 

Def. 7. A right line and plane are said to be parallel to each 
other, when, if either, or both, be indefinitely extended, they 
never meet. 

Def. 8. Two planes are said to be parallel, when, although 
produced indefinitely, they never meet. 

Def. 9. One 'plane is perpendicular to another plane^ when it 
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12 DBSCBIPTIVB GBOMBTRY. 

contains all the perpendiculars to this plane, which are drawn 
to it through their common intersection. 

Def. 10. The angle between two planes^ called, simply, the 
diedral angle^ is the figure which is formed at the common 
intersection of two planes, which meet or intersect each other. 
The angle formed by two right lines, drawn, one in each plane, 
and perpendicular to th^ common intersection of the planes at 
the same point, is the plane angle corresponding to the diedral 
angle, and is the measure of it ^ 

Def. \\. a solid angle, or a polyedral angle, is the figure 
formed by several planes meeting or intersecting each other in 
a common point. 

Def. 12. A triedral angle is a solid angle formed by three plane 
angles ; a tetraedral angle, one formed by four plane angles ; a 
pentaedral angle, one formed by ^vq plane angles. 



PBOPOSITIONS. 

Note. — Reference is made ^ for the proof of the following Propositions^ where the 
demonstrations are not given, to *^ Smitks Legendre^s Geometry" 

Proposition I. A right line cannot be partly in a plane and 
partly out of it. For, by the definition of a plane, when a right 
line has two points in common with the plane, it lies wholly in 
the plane. 

Prop. II. A plane is determined in position, when either of the 
following conditions is satisfied : 

1st. When a right line, and a point not on the line, are 
known. 

2d. When three sides of a triangle, or three points not in 
same right line, are known. (Book V. Cor. I. Prop. I., Smith's 
Legendre.) 

3d. When two right lines which intersect each other are 
known. (Book Y. Prop. I., Smith's Leg.) 

4th. When two right lines which are parallel to each other 
are known. (Book V. Prop. I. Cor. II.) 

Prop. III. The intersection of two planes is a right line. 
(Smith's Leg,, Book Y. Prop. IL) 

Prop, IY. If a right line be perpendicular to two right lines 
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at their pftint of intersection, it will be perpendicular to the 
planes of these 1/nes. (Smith's Leg., Book V. Prop. III.) 

Prop. V. The perpendicular drawn from a point to a plane is 
the shortest line that can be drawn between the point and the 
plane, and measures the distance between the point and plane. 
(Smith's Leg., Book V. Prop. VI.) 

Prop. VI. If a perpendicular be drawn from a given point 
to a plane, and if from the foot of the perpendicular a perpen- 
dicular be drawn to any line of the plane, and the point in which 
this last perpendicular meets the line be joined with the given 
point, this line will be perpendicular to the line in the plane. 
(Smith's Leg., Book V. Prop. VII.) 

Prop. VII. Through a given point in space only one right 
line can be drawn parallel to a given line. (Smith's Leg., Book 
V. Prop. IX.) 

It follows from this proposition, that if two right lines are 
parallel, the plane drawn through one of them and a point of 
the other will contain the whole of the other line. 

Prop. VIII. Two parallel right lines are perpendicular to the 
same plane. (Smith's Leg., Book V. Prop. VIII.) 

Prop. IX. If two right lines be perpendicular to the same 
plane, they are parallel to each other. (Smith's Leg., Book V. 
Prop. VIIL Cor. I.) 

Prop. X. If two right lines be parallel to a third line, they are 
parallel to each other. (Smith's Leg., Book I. Prop. XXIV.) 

Prop. XI. If two planes be drawn through two parallel right 
lines so as to intersect each other, the intersection will be par- 
allel to these lines. 

This Prop, is a corollary to Prop. X. 

Prop. XII. Every right line which is parallel to another 
right line situated in a given plane, is parallel to the plane. 
(Elem. Geo., Book V. Prop. X.) 

Prop. XIII. If a right line be perpendicular to a plane, every 
right line, perpendicular to it, will be parallel to the plane. 
(El. Geo., Book V. Prop. VIII.) 

Prop. XIV. If a right line be parallel to a plane, and 
another plane be drawn through this line intersecting the 
given plane, the intersection of the two planes will be parallel 
to the given line. (El. Geo., Book V. Prop. X. Cor. I.) 
2 
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14 DESCRIPTIVE GEOMETRY. 

Prop. XV. If a right line be parallel to a plane, any right 
line, drawn through any point of this plane, and parallel to the 
given line, will lie wholly in this plane. (El. Geo., Book V. 
Prop. X. Cor. II.) 

Prop. XYI. If a right line be parallel to two planes which 
intersect each other, it will be parallel to their intersection. 

For, if through a point of the intersection we draw a right 
line parallel to the given line, it will lie in each of the two 
planes, by the preceding proposition, and is therefore the inter- 
section of these planes. 

Prop. XYII. The parallels comprised between a right line 
and plane which are parallel, are equal. 

For the plane of the parallels will intersect the given plane 
in a right line, which will be parallel to the given line. A par- 
allelogram is thus formed, the opposite sides of which are equal. 

Corollary. If a right line be parallel to a plane, every point of 
this line will be equally distant from the plane. 

Prop. XYIII. If f^o planes be perpendicular to the same 
right line, they are parallel to each other. (El. Geo., Book V. 
Prop. XI.) 

Prop. XIX. The intersections of two parallel planes with a 
third plane are parallel to each other. (El. Geo., Book V. Prop. 
XII.) 

Prop. XX. If two planes be parallel to each other, a per- 
pendicular to one will be perpendicular to the other. 

A corollary to Prop. XVIII. 

Prop. XXI. If two planes be parallel to a third plane, they 
are parallel to each other. (El. Geo., Book V. Prop. XV.) 

Prop. XXII. Parallel lines, comprised between two parallel 
planes, are equal. (El. Geo., Book V. Prop. XVI.) 

Prop. XXIII. If two angles, not in the same plane, have 
their sides parallel and lying in the same direction, they will be 
equal, and the j^lanes of the angles will be parallel. (El. Geo., 
BookV. Prop. XVII.) 

Prop. XXIV. If three parallel planes be intersected by any 
two right lines, in space, the lines will be cut proportionally 
by the planes. (El. Geo., Book V. Prop. XVIII.) 

Prop. XXV. If a right line be perpendicular to a plane, any 
plane, drawn through this line, will also be perpendicular to 
the given plane. (El. Geo., Book V. Prop. XXVI.) 
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Prop. XXVI. If three lines, passing through the same point, 
be perpendicular to each other, each of these lines is perpen- 
dicular to the plane of the other two ; and the three planes 
formed are perpendicular to each other. (El. Geo., Book V. 
Prop.XXYI. Scho.) 

Prop. XXVII. If two planes be perpendicular to each other 
every right lino, drawn in one of them, perpendicular to their 
common intersection, will be perpendicular to the other plane. 
(El. Geo., Book V. Prop. XXVII.) 

Corollary. Through a given right line, which is not perpen- 
dicular to a given plane, only one plane can be drawn perpen- 
dicular to this plane. 

For this perpendicular plane must contp,in, besides the given 
line, the perpendicular let fall on the given plane, through any 
point whatever of the' given line; and only one plane can bo 
drawn through two right lines. 

Prop. XXVIII. If two planes, which intersect, be perpen- 
dicular to a third plane, their intersection will also be pcrpon- 
dicular to this plane. (El. Geo., Book V. Prop. XXVIII.) 

Cor. I. A plane, perpendicular to two planes which intersect 
each other, is perpendicular to their intersection. 

Cor. II. If three planes be perpendicular to each other, the 
intersection of two of these planes is perpendicular to the third 
plane ; and the three intersections are perpendicular to each 
other. 

Prop. XXIX. We can always draw a right line, that shall bo 
perpendicular to two given right lines which are not in the 
same plane, and this i^erpendicular will be the shortest distance 
between the two given lines. (El. Geo., Book V. Prop. XXI.) 



FUNDAMENTAL PBINCIPLES. 

L Descriptive Geometry has for its object, to explain the 
methods of solving proUenis invdving three dimejisions, by construc- 
tions made upon a single plane. 

For this purpose, points in space are referred to two planes 
which intersect each other. The reference is made, bj drawing, 
tbrongh each point, two perpendiculara ; one to each plane, and 
then determining the points in which the pei-pendiculars meet 
these planes, after the planes have been made to coincide and 
form one and the same plane. 

2. This process is called the method of projections. Descriptive 
Geometry is, therefore, based upon the method of projections. 

3. The projection of a point on a plane is the foot of the perpen- 
dicular let fail from this point on the plane. 

The plane on which the projection is made is called the plane 
of projection; and the perpendicular, which projects the point on 
the plane, is called the projecting line of the point. 

Thus, if P be any point in 
space, and Fp the perpendic- 
ular let fall from this point on 
any piano MN, the point p, in 
which the perpendicular meets 
the plane, is theprojection of the 
point P; MN is (Ac plane of 
projection; and the perpendic- 
ular Pp is the projecting line of the point P. 

4. The pointy is not only the projection of the point P on 
the plane jlfi\^, hut it is also the projectionof every point of the 
line Pp on this piano ; since the same perpendicular Pp is the 
projecting line of every point of the line Pp. 

5. The point p, on the plane MN, is its own projection ; for 
the perpendicular through p to the plane MN, evidently meets 
this plane at p. 




FUNDAMENTAL PRINCIPLES. 17 

6. To find the projection of a right line on a plane, we draw per- 
penclit;ular8 from every point of the lino to tho piano ; the scrioB 
of points, in which these perpendiculars meet the plane, will be 
the projection of the line. This projection ia necessarily a. right 
line; since ftU the perpendiculars are contained in tho same 
plane which passes through the given line, (Int. Prop. XXVII.,) 
and the intersection of this plane with the given plane is a right 
line. (Int. Prop. III.) 

Since two points determine the position of a right lino, it is 
only necessary to construct the projections of two points of , 
the line, to find the projection of the line. 

7. The projection of a right line on a plane is, therefore, the inter- 
section mth this plane, of a plane drawn through the line, and per- 
pendicular to the plane on which the projection is made. 

Thua, if PP bo the lino to 
be projected on the plane JfJV, 
tho series of perpendiculars 
Pp, Pp', &c. will form a plane 
perpendicular to the plane 
MN"; and the series of points 
p, p', &c. will form a right 
lino in which this plane will 
intersect the plane MX; and this line is tho projection of tho 
line PP. 

8. Th4 plane which projects a right line on a given plane, is called 
the projecting plane of the line. 

9. If tho lino to bo projected be perpendicular to the plane 
of projection, all the poqjcndicnlars, drawn through its various 
points, will coincide with the line itself; and the intersection 
with the plane of projection, which is, in this case, the projec- 
tion of tho line, will bo a point. 

Thus, if Pp be perpendicular 
to the plane MN, its projec- 
tion on tho plane MN is tho 
point p. 

10. The projection of a curve 
line on a plane is found, hy 
drawing lines through every 
point of tho curve, pcrpendicu- 
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!ar to this plane, and juiniug tbo KOfi<!« of points in which the 
perpend LCalars mc(^t the plane. The lino thus formed is the 
pmjtction of the cnrve. Tlieso perpendienlars being parallel, 
(Int. Prop. IX.,) they ivill fiirm a eiirfaco to which the general 
name of cylinder la given. The cijUiuhr which is thus vsed to pro- 
ject the given curve on a plane, is called the projecting cylinder of the 
curve,. 

Thns, if P, V, r\ Ac. be 
the given eurve, and MN the 
piancof projection, the series 
of perpendiculars Pp, P'p', 
&c., will form the surface of 
the projecting cylinder, and 
their intersection with the 
plane jVJV will give yy'p" 
&c., aa the projection of the cnrve P P P", &c. 

It is evident that any curve, traced on the surface of the 
projecting cylinder, will bo projected on the plane MN, in the 
same carve pp'p", &o. 

11. If the given curve bo a plane curve, and its plane bo per- 
pendicular to the plane of projection, the projecting lines of its 
several points will coincide with the piano of the carve, and 
the projecting cylinder will be thus reduced to a plane. The 
intersection of this plane with the plane of projection will bo 
the projection of the curve. Since this intersection is a right 
lino (Int. Prop. III.), we see, that the projection of a plane curve 
which is perpendicular to the plane of projection is a right line. 

Thus, if PPP, &c. 

be a plane eurve, whoso 
piano is perpendicular 
to MN, its projection 
will be tho right lino 
pp' pf', &e. 

12. If the plane of 

tho curve bo parallel to 

the plane of projection, 

its projection will be a 

curve identical with itself. 

13. These principles being established, it follows, that a point 





FUNDAMENTAL PBINCIPLES. 19 

m space will be completely determined, by the method of prelections, 
when we know its projections on two given planes which intersect each 
other. 

For, tWo point must bo found, at tho samo timo, on the two 
projecting linos of the point; that is, on two lines drawn througk 
the two assumed projections of the point perpendicular, respec- 
tively, to the two planes ; and these lines can only intersect 
each other in one point. 

Thus, if y' and p bo the 
two given projections of 
the point P, on tho planes 
MN&ndNJi; the point P 
mast be on tho projecting 
line Py, and also on tho 
projecting lino Pp; and . 
fiinco Ppf and Pp are the ! 
projeeting lines of tho 
same point, they mast in- I 
terse ct each other, and 
their intersection fixes the position of the point P. 

14. It does not follow from this that any two points assumed, 
at will, on two planes, will 
be the projections of the 
same point. For, if p' and 
p be the two projections 
of tho point P, on two 
given planes which intor- 
eect each other in the lino 
JVO ; then, if aplane i^p"p' 
be drawn through the pro- 
jecting lines Pj) and Pp', 
intersecting the plane JlfiV 
in the line p^p", and the 

plane NR in the line pp", and the intersection JVO of tho two 
given pianos in the point p" ; since the plane Ppp"j/ contains 
the perpendicular Pp' to the plane MN, it Is perpendicular to 
tho plane (Int. Prop. SXV.); for a like reason, it is perpendicu- 
lar to tho plane iVP. It is therefore perpendicalar to the 
, intersection NO, (Int. Prop. XXTII. Cor. 1.) But if 
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A'O bo perpendicular to the plane Pj*/'y, it isulso perpendica- 
lar to the lines py and ^j/', drawn in this piano, through the 
point p". (Int. def. 4.) Hence, ue have the condition that two 
points, situated, respectively, in tico planes which intersect each other, 
viay be the projections of the saine point in space; viz: that the 
perpendiculars, drawn through these points to t/ie common intersec~ 
tion of the two planes, sltnll meet this intersection in the sam^ point. 

15. A right line in space is determined, when we know its projec- 
tions on two planes which intersect each other. 

For, if through each projection a plane be drawn, perpendicu- 
lar to the plane of this pro- 
jection ; these planes will, 
each, contain the lino in 
space, and their iutersectiou 
must ncecBsarily determine 
it. Thus, let a b and a' b' be 
the projections of a right 
line AB, on the planes xys 
and xyu ; now, if a plane ho 
drawn Ihrongh ab perpendicular to the plane xyz, acd another 
plane bo drawn throiigh a' 6' perpendicular to xyu,iha intersec- 
tion AB oi these two planes will dctcrmino the right line in 
Bpaco, of which ab and a'b' are the, projections. 

16. When tho assumed projections of the line are perpendicu- 
lar to the common intersection of tho two pianos, and meet that 
intersection in different points, they cannot bo the projections 
of the same right line. 

For, \i ab be the assumed projection on tho plane xyz; and 
a't'thaton the plane jtj/b; 
then, the plane through ai, 
perpendicular to tho piano 
xyz, will bo perpendicular 
to the line xy, (Int. Prop. 
XXVIII. Cor. 1,) and the 
piano through a'b' will also 
bo pci-pendicular to xy. 
Hence, these planes, being 
p;;r[>eudicular to the same right lino, will be parallel to each 
other (Int. Prop. XVIII.), and cannot therefore intersect. 
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17. If Ibo two assumed projections of the lino, still perpendicu- 
lar to xy, meet the common intersection of the two planes of 
projections in the sanao point, these two projections ■will not fix 
the position of the lino in 
space; and the lino will 
be undetermined. For, 
in this case, the plane of 
the two projections ah 
and a'b' will bo perpen- 
dicular to the two planes 
iyzand j:ya,atthosamo 
point; and there will be 
but ono projecting piano. Any line, therefore, situated in the 
plane ab'a' will have ah and a'b' for its projectiona. The line 
in space will not be determined, unless we know its projections 
a" h" on a third piano txw, which does not pass through the 
line xy. 

18. In general, any line in space, whether curved or right, is deter- 
mined, when we know its projections on two planes which intersect 
each other. 

For, if a 6 c and a' b' c' 
be the projections of 
the curve ABC on tlio 
planes xt/z and xyu; 
then, if lines bo drawn 
through the various 
points of each projec- 
tion, perpendicular to 
the plane on which the pvojoc'lion is made, they will form the 
surfaces of two cylinders, perpendicular, respectively, to these 
planes; and the intersection of these cylinders will determlno 
the curve in space. 

19. If the cylinders do not intersect, the assumed projections 
will not belong to the same curve. 

20 If the given curve be r plane curve, whose plane is perpen- 
dicular to the common intersection of the two. planes of prrjec- 
tion ; the two projecting cylinders will reduce to a plane, which 
will be tho sumo with that of the curve. The curve is then 
undetermined. Tho indctermination in this case is similar to 




22 



DESCEIPTIVK GBOMETRY. 



that which has just been noticed with reference to a right 
line (17). 

21. A plane is determined when we know its intersections with any 
two planes which intersect each other. 

This is evident, since a plane is determined when it passes 
through two right lines which intersect each other. (Int. 

'"■op- %|) 

22. Sii)(^ .any three points in space, which are not in the 
nine right rlino, also determine a plane (Int. Prop. II. 2); we 
might fix' the position of a plane by the method of projections, 

.:ijy employing the projections of three points of the plane, or of 
three right lines which connect these points. 

23. The intersection of a plane with either plane of projetiion is 
called its trace on that plane. 

24. If a plane intersect 

I the common intersection 
of the two planes of pro- 
jection, the point of inter- 
section is evidently com- 
mon to the two traces. 
Thus,thepointo,in which 
■ the plane a a a' meets the 
intersection xy, is a point 
and also of the trace a' a. 

125. If a plane be parallel 
to the common intersection 
of the two planes of projec- 
tion, its two traces will 
also be parallel to it. 
Thus, the traces a b and 
a' U of the plane parallel to 
xy, are parallel to xy. 

26. If a piano be parallel 
to one of the planes of pro- 
jection, its trace on the 
other plane will be parallel 
to the common intersection 
of the two planes of projec- 
tion; and this trace will 
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be sufficient to determine the position of the plane. (Int. 
Prop. XIX.) 

Thus, a! b', parallel to xy, is the trace of a plane parallel to 
the plane xyz, and fixes the position of this plane; while ab, 
parallel to xy, is the trace of a plane parallel to xyu. 

27. If a plane be perpen- 
dicular to the common in- 
tersection of the two planes 
of projection, its traces will 
also be perpendicular to their 
intersection. 

Thus, a h, in the plane 
xyz, and a'h', in the plane 
xy}i, are both perpendicu- 
lar to xy; and are the traces of a plane perpendicular to xy. 

28. Finally, if a plane pass through the common intersection 
of the two planes of projec- 
tion, its traces will coincide 
with this intersection, and 
the plane will be undeter- 
mined;' unless we have its 
trace on a third plane which 
does not pass through this ■ 
intersection. 

Thus, the trace a' a, on a 
plane xtw, will fix the position of a plane passing through xy. 

29. The above principles are independent of the inclination of 
the planes of projection. It is found most convenient in prac- 
tice to take the planes of projection at right angles to each 

t; one of them being horizontal, and the other vertical. 
to. Tho horizontal plane thus assumed as one of the planes 
of projection, is called the horizontal plane of projection ; and the 
vertical plane is called the vertical plane of projection. 

31. The common intersection of the vertical and horizontal 
planes of projection is called the ground line. 

32. The projections of all points and lines, and the traces of 
all planes, made on these planes of projection, take the name 
of the plane on which the projection or trace is made. Thus, 
if tho projection or trace be on the horizontal plane of projec- 
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tion, it. is eallod the horizontal projection of iho point or 1.... ; '.i" 
ike horizontal trace of the piano ; and, reciprocally, tlic vrrtiml 
projection, or the vertical trace, if the representation be made on 
the vertical plane of projection. 

33. In order that the two projections which dotormino the 
positions of points, lines, Ac, in space, may bo rep ro sen led on a 
single plane or sheet of paper, as is required in all drawings in 
which the method of projections is need ; the vertical plane of 
projection is revolved about the ground line, as an axis, until it 
coincides with the horizontal plane of projection, so as to form 
with it a single plane. By this means, the two . projections 
which, in imagination, are conceived to bo repi-esonted on iwo 
planes, are in reality constructed on one; that is, the vertical 
projections are really made on the horizontal plane. 

Thus, the vertical projection it' b', of the right lino A B, is not 
executed on a plane that ia really verticiil ; but, the vertical 




plane of projection being supposed to revolve about the gronnd 
line xy, nntil it coincides with the horizontal plane ; it is in this 
position of the vertical piano that we make the constntction of 
the projection a'U. 
34. Independently of the convenience of the construction 
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which this arrangement produces, it very materially abridges 
the labor of finding the projections. For, if a and a' bo the two 
projections of the point -i, the plane drawn through A a and Aa\ 
will be perpendicular at the same time to the two planes of 
projection, since it contains a line perpendicular to each (Int. 
Prop. XXV.); it will therefore bo perpendicular to the common 
intersection xy (Int. Prop. XXVIII.) ; and the lines a G and 
a' C'ux which it intersects the planes of projection will also bo 
perpendicular to xy. But, when the vertical plane is revolved 
about xy^ as an axis, the line a' C does not cease being perpen- 
dicular to xy^ during the revolution; and is perpendicular to 
xy, when it takes the position a" C, Then, the lines a C and 
rt" C being both perpendicular to the same line xy^ and passing 
through the same point (7, are the prolongation, one of the 
other. The same reasoning applies to the lines bD and 
b" JDj with respect to the point B, From which it follows, that 
if the horizontal projection of a point be known, the vertical 
projection will be found, after the vertical plane has been re- 
volved to coincide with the horizontal plane, on a right line 
drawn through the horizontal projection of the point perpen- 
dicular to the ground lino ; and, conversely, if the vertical pro- 
jection of a point be known, the horizontal projection will be 
on a right line drawn through the vertical projection of the 
point perpendicular to the ground line. 

Hence, we have this important principle, that the two projections 
of a point are always found in the same right line drawn perpendicu- 
lar to the ground line. 

35. Since a O^Aa[, and Db=^Bb'', it follows, that the distance 
of the horizontal projection of a point from the ground line, is always 
equal to the distance of the point in space from the vertical plane of 
projection. 

36. Since a"C=a'(7=Aa, and WD=VD^Bb\ it follows, that 
the distance of the vertical projection of a point from the ground 
line is always equal to the height of the point in space above the hori- 
zontal plane of projection. 

37. If the observer be in front of the vertical plane, and above 
the horizontal, it is found most convenient to cause the revolu- 
tion of the vertical plane to be made from the 6bserver, and not 
towards him; since, under this supposition, the projection will, 

3 
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in geooral, bo mado on opposito sidos of tho ground lino ; thus 
aTOiding confusion in the drawing, 

Itxy, thorcforo, bo the ground 
lino; the vertical plane, after the 
revolution, will lie above tho lino 
xy, and will be indicated by tho 
plane xyu; and it \a in this po- 
sition of the planes of projection 
that the constructions will bo 
mado. 
. The condition that the planes of projection are perpen- 
dicular to each other, loads to the following important principles. 
1°. If a point or line be situated in one of the planes of projection, 
the projection on the other plane will be in the ground line. 

For, tho projecting perpendiculars are all contained in tho 
piano in which the point or lino is situated; and must, thoro- 
fore, meet the other projcctioi; in the ground line. 

2°. // a right line be parallel to the horizontal plane of projection, 
its vertical projection will be parallel to the ground line. 

For, tho projecting perpendiculars, which dotormino tho ver- 
tical projection, will bo contained in a piano parallel to tho hor- 
izontal plane ; and tho Intersection of this plane with the ver- 
tical piano of projection, which determines the vertical projec- 
tion of tho lino, must bo parallel to the ground lino. (Int. 
Prop. XIX.) 

3°. If a right line be parallel to the vertical plane of projection, its 
horizontal projection will be parallel to the ground line. 

For, the horizontal projecting lines will be contained in a 
plane parallel to tho vertical piano of projection, and tho inter- 
section of this plane with tho horizontal piano of projection, 
which determines the horizontal projection, will bo parallel to 
tho ground line. 

4". If a 'right line be parallel to the two planes of projection, it 
will aleo be parallel to the ground line, and its projeetions on both 
planes will be parallel to the ground line. 
This follows from the two preceding principles. 
5°. If a plane be perpendicular to one of the planes of projection, 
its trace on the other will be perpendicular to the ground line; that is, 
a plane perpendicidar to the horizontal plane of projection, will have 
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its vertical trace perpendicular to the ground line; and a plane per- 
pendicular to the vertical plane of projection will have its horizontal 
trace perpendicular to the ground line, 

39. If the planes of projection be considered as indefinite in 
extent, as is usually the case with all lines and planes in Descrip- 
tive Geometry, there will be formed four diedral angles, in either 
of which a point or line may be situated, when its projections 
are determined. The first angle is usually regarded as that 
angle which lies in front of the vertical plane and above the 
horizontal ; the second is behind the vertical and above the hor- 
izontal ; the third is behind the vertical and below the horizon- 
tal ; and the fourth is in front of the vertical and below the 
horizontal. 

40. The principles which have been established for fixing the 
position of the projections of a point in one angle, are equally 
applicable to all, and may be readily extended to them. All 
points, situated in the Ist and 2d angles, will be projected on 
the vertical plane on that part of the vertical plane which lies 
above the horizontal plane, and their projections will necessarily 
fall above the ground line when the vertical plane is revolved 
to coincide with the horizontal plane ; while points situated in 
the 3d and 4th angles, will be vertically projected on that part 
of the vertical plane which lies below the horizontal plane, and 
these projections will be found below the ground line, since that 
part of the vertical plane which lies below the horizontal plane, 
will fall below the ground line, when the revolution of this plane 
to coincide with the horizontal plane has been effected. The 
horizontal projections of points, in the 2d and 3d angles, will be 
made on that part of the horizontal plane which is behind the 
vertical plane; and the horizontal projections of points, situated 
in the 1st and 4th angles, on that part of the horizontal jflane 
which is in front of the vertical plane. As the horizontal plane 
does not change its position during the revolution of the ver- 
tical plane, the horizontal projections of all points in the 2d and 
3d angles will be above the ground line ; and those of points in 
the 1st and 4th angles, below the ground lino. 

41. The figure will explain the positions of the projections in 
each angle. 
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1st Angle. The vertical 
projection a*, above, and the 
horizontal projection a, be- 
low, the ground line. 

2d Angle. The two projec- 
tions a and a* above the 
ground line. 

3d Angle. The horiEontal 
projection o, above the 
ground lino, and the vertical projection a' below. 
4tk Angle. Both projections a and a* below the ground line. 

42. The positions of the projections of lines and curves will 
bo foQnd, in like manner, in whichever of the dicdral angles the 
lines or curves which they represent may be situated. 

43. Since the position of the planes of projection may be 
aseiumcd, at will, and is generally taken so as to give the sim- 
plest solution to the problem, tho points, lines, &c., are nsnally 
considered in tlie let angle ; and it is under this nupposition 
that the constructions will be -generally made in this treatise. 
At tho same time, it will supply an admirable practice for the 
student, to make tho constructions, for tho various problems, in 
either of the diedral angles. 

44. Descriptive Geometry, by the principles thus explained, 
becomes a species of sign language, so that by means of the 
drawings which are made, we may have a tolerably accurate 
idea of the process used in the constructiou of the problems. 

45. In making tho various drawings used in Descriptive 
Geometry, and in the references made to them in the text, cer- 
tain conventional signs arc nsed. Thus; 

Large letters, A, S, C, Ac, represent points in space, and are 
sel(k>m used in the figures. 

Small letters, a, b, c, &c., without accents, represent horizontal 
projections ; while the same letters, with accents, a', f, d, Ac., 
denote corresponding vortical projections. 

The Greek letters, a, 3, y, &c., denote points on the ground lino. 

The ground line is always denoted by x y. 

The foint (a, a') moans tho point in space, tho projoctions of 
which are a and a'. 
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The line (a b, a' 6' ) means the line in space, of which the pro- 
jections are a b and a' b\ 

The plane (a a a') means the plane whoso traces are a a 
and a' a. 

Given and required lines are always drawn full. Auociliary 
lines used in the construction are dotted. 

Traces of auxiliary planes and invisible traces are drawn 
broken. 

Finally, when we say v^ point, line, or plane is given, we always 

mean, that tfie projection of the point or line, or the traces of the 

plane are given. As also, when it is proposed to determine a 

point, line, or plane, we always mean, that we wish to determine 

the projections of the point or line, or the traces of the plane. 
8* 




CHAPTEB n. 
PEOBLEMS-EIGHT LIHE AND PLANE. 

PBOBLEH L 

46. Two points being given by their projections, find the prelections 
of the right line joining these points. 

Let (a, a') (b.l/) be the given 
points ; x y the ground line. 
Since the required line has to 
pass through the two given 
points, the projections 'of this 
line must pass through the pro- 
jections of those points. Thero- 
foro the lino a b, joining the hor- 
izontal projections a and b, is 
the horisontal projection of the required line ; and the line a' V, 
joining the two vertical projections a' and b', is the vertical 
projection of this line. 

^Remark. — By changing the position of either or both of 
the given points, with respect to the four dicdral angles of the 
planes of projection, varlatiODS may be given to the problem. 
Th« student can make these variations. 

PSOfilEK n. 

47. A right line being given by its projections, find the trades of 
its two prtgecting planes. 

tjet (a&, a'i')^o the glten line, and xy the ground line, In 
general, each projecting plane will have two traces, which will 
usually intersect each other in the ground line. The horizontal 
trace of the horizontal projecting plane coincides with the 




PROBLIUS — BIGHT LlSi AND PLANS. SI : 

horizontal projection of the line itself (7), and its vertical trace 
is perpendicular to the ground line (38-5). The horizontal 
trace of this projecting plane is, 
therefore, ab; and ac' perpen- 
dicular to the ground lino at » 
Is the vertical trace. In like 
manner, the vortical trace of the 
vertical projecting plane coin- 
cides with the vertical projec- 
tion of the line, while its hori- 
zontal trace is perpendicular to 
tlie ground line. The vertical 
trace of this plane is, therefore, a'b'^ and its horizontal trace is 
a' c, perpendicular to the ground line at a'. 

FBOBLEH m. 

48, A right line being given by its projections, find the points in 
which it meets the planes of prelection. 

The given line in space is the intersection of its two project- ■ 
ing planoB (15). It is, thereforoj common to both of these 
planes, and must meet the vertical plane of projection at the 
intersection of the vertical traces of its two projecting planes; 
and it must meet the horizontal plane of projection at the inter- 
section of the horizontal traces of the two projecting planes of , 
the line. 

Let (a b.a'l/') be the given 
lincA ^y the ground line, a&and 
a a' are the horizoTital tTa<^es of 
the two projecting planes' (47), 
and a' If and a b' are the vertical 
traces of these' planes. Hence, 
a is thepointin which the given 
line meets the horizontal plane 
of projection, and f is the point 
in which it meets the vertical 
plane of projection. 

49. Variati&n 1°* Let (afc, a'J') bethe given line. The 
homontal traces of the two proiecting planes are indicated in 
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tbe figure b7 the letter IT; and the vortical traeos by the letter F, 

The given line meets 

the horizontal plane at 

b, at the distance bl/ in 

front of the vertical 

plane (35); and it meets 

the vertical piano ate*, 

at a distancooc' below 

the borisontal plane 

C3C). 

50. Var. 2°. Lot (a A, 

(i'6')bethegivenline. The 

horizontal traces of the 

two projecting planes are 

marked M, and the vortical 

traeoa are marked V. The 

lino meets the horizontal 

piano at c, at the distance > 

c behind the vertical plane; 

and it meets tbe vertical plane at a', at tbe diBtanoe a' a' above 

the horizontal plane. 

51. Var. 3°. Let(a>, 

a' I/) be the given line, It 
meets the horizontal plane 
behind the vertical plane, 
ate; and the vertical plane 
below the horizontal at e', 
52. Var, 4"* Let tlie 
horizontal projection, ab, 
be parallel to the ground- 
line, and (a 6, a' I/) the given line. 
The line in space ia parallel to 
the vertical plane of projection 
(38-3), and will not thewfore 
meet this plane. It meets tbe 
horizontal plane at a. 
53. Var. 5°. If {n 6, a' U) be the given line, the vertical pro- 
jection being parallel to the ground line. The line in space 
is parallel to tbe horizontal plane (38-2), and does not, there* 
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fore, moot this piano. It moots 
the vertical plane at a'. 

54. Finally, if the line be 
parallel to the ground line, 
its projoctioiiB will ftlso bo 
(38-4), and tho problem bo- 
comes impossible, since the 
line dooB not meet either 
plane of projection. 



PROBLEK IV. 

55. Two planes which intersect each other being given by thtt 
traces, find the projections of their line of intersection. 





■ Let (a a a') suid (a a a') be the given planes ; a, tho intersection 
of their horizontal traces, and a' the intersection of their v^- 
tical traces. The line of intersection being a line of both planes, 
must meet the planes of projection in tho traces of these planes. 
It meets the vertical plane at a', and tho horizontal plane at a. 
The points a and a' are, therefore, points on the line of inter- 
sectioa of these planes, and the right line which joins them n 
evidently tho intersection of these planes. It is now required 
to find the projections of this line. These projections will bo 
determined when we have found the projections of two points 
of the line (6). The point a, being in the horizontal plane, is 
its own horizontal projection (5), and its vertical projection is at 
V where a. perpendicular through a moots tho ground line. In 
like manner, the point a', being in the vertical plane of projec- 
tion, is its own vertical projection ; and its horizontal projection 
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IB at b, where a perpendicular throngh a' meets the ground line. 
The line a b, which conneets tho two horisontal projectiooa of 
two points of the line of interBoction, Ib tho horizontal projec- 
tion of this line; and the lino a'b', connecting the two vertical 
projections of these points, is the vertical projection of this line. 
(ab, a'b') is, tliorefore, the required line of interBoction. 

56. Variation X°t Let one of the given planes be perpendiadar 
to one of the planes of projection; the vertical plane, for example. 

The horizontal trace of the perpendicular plane will then 
be perpendicular to the ground line (38-5); and the ver- 
tical projection of the 
line of intersection will 
evidently coincide with 
tho vertical trace of this 
plane. 

If one of the planes 
be perpendicular to the 
horizontal plane of pro- 
jection, its vertical trace 
will be perpendicular to 
the ground line (38-5) ^ 
and the horizontal pro- 
jection of the line of in- 
tersection will evidently 
coincide with the hori- 
zontal trace of this plane. 
The construction can 
readily be made. 

57. rar.H". Lathe 
horizontal traces of the 
given planes be parallel to each other. 





PEOBLKMS — RIGHT LINE AND PLANE. 35 

In tbia case, the intersection of the two planes will be parallel 
to these traces (Int. Prop. XI.) ; its horizontal projection will 
also be parallel to them (Int. Prop. XIV,) ; and its vortical pro- 
jection will be parallel to the ground line (38-2.) We have c*, 
for the horizontal, and c' a', for tbo vertical projeetionB of tbo 
line of intereection. 

S8. Var. 3°. Let the given planes intersect the ground line at 
the same point. 

In this case, the general conetruction fails, and another must 
be applied. Let (a cm') and (bab') be the two given pianos. 
If we draw any auxiliaryplane, cutting the two given planes in 
any two lines; these lines of intersection will intersect each 
other in a point that will be common to the two given planes, 
and will therefore be a point in their line of intersection. 

If the projections of this 
point be joined with the 
point in which the planes 
meet the ground line, we 
fihoU have the projections 
of the line of intersection. 

It is nsnal in Buch cases 
to draw the aaziliary 
plane perpendicular to the 
ground line. Let a ? and 
a'9 be the traces of such 
a plane. This plane inter- 
sects the plane (aaa') in a line which meets the vertical planQ 
of projection at a', and the horizontal plane at a. It interaects 
the plane (b a b') in a line which meets the vertical plane at 6', 
and the horizontal plane at b. Let the auxiliary plane be re- 
volved about its horizontal trace a ^, as an axis, nntil it coincides 
with the horizontal plane. The points a and b, being in the 
axis, will remain fixed during the revolution. Tbo points a' and 
b', being in the vertical plane, will describe the area of circles, 
with fi a' and 9 &' as radii, aronnd 3 as a centre, and will be found 
after the revolution in the ground line at a" and b". a a" and 
hb" will be therevolvedpositionsof the lines cut out of the two 
given planes by the auxiliaryplane. Those lines intersect each 
other at d. The point d is, therefore, one point, in its revolved 
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position, of the line of intersection of tbe two planes. In the 
ooanter-revolution of the anxiliary plane, the point d will be 
horizontally projected at d', and vertically projected at tf . 
H^nce, <Fa and d^'a are the projections of the line of inter- 
Bcction required, 
59. Var. ft". Let the given planes be parallel to the ground line. 
In this case, the traces of the two planes will be parallel to the 
ground line, and the line of intersection will be also. If we 
draw an anxiliary 
plane, as in the last 
article, the intersection 
of the two planea is 
readily determined. 

To illastrate the gene- 
ral principle more fully, 
we have drawn the 
auxiliary plane, in the 
figure, oblique to the 
ground line; and we 
find nin and m'n' for 
the projections of the 




line of intersection. 
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60. A plane being given by its traces, and a line not parallel to 
it 6y its projections, find the projections of the point in which the 
line meets the plane. 

Let (ab, a'b') bo the given line, and Ca<f the given plane. 

The problem may be solved by drawing any plane through 
the given liue, and finding its intersection with the given plane, 
as in Art. 55, and then determining the point in which tbe given 
line meets the line of intersection. This point will be the point 
in which the given line meeta the given plane. The constrno- 
tion will be made in the siroplcet manner, if the auxiliary plans 
be drawn perpendicular to either plane of projection. We will 
first make the construction under this eapposition. 

Let the auxiliary piano be the horizontal projecting plane of 
the given line. Its horizontal trace will coincide with the hori- 
zontal projection of tbe given line, and ie ap; and its vertical 
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trace is ISC', perpendicular to the ground line. The liaeof inter- 
eeotion of this plane and 
the given plane has ap, for 
its horizontal, and ■> if, for 
its vertical projection (55). 
The vertical projection of 
the point in which the given 
line meets the given plane 
most be found somewhere 
on the vertical projection 
c' d. It must also be found 
in the vertical projection 
a' h' of the given line. It 
must therefore be found at V where these two projections 
intersect. The horizontal projections of the required point 
mnst be found in the horizontal projection of the given 
line : that is, in a & ; it must also be in the perpendicular to the 
ground line through h' (34). It ia therefore at h, the intersec- 
tion of theae lines. The required point is therefore (6, ft'). 

The horizontal projection h might be found, by taking, as an 
anziliary plane, the vertical projecting plane of the given line. 
We have fl'ij' and 3' c for its traces J and a'S* and 6 c will be the 
projections of the line of intersection of this auxiliary plane with 
the given plane. The point 6, in which the horizontal projec- 
tion of this intersection meets the horizontal projection of the 
given line, is evidently the horizontal projection of the point in 
which the given line meets the given plane. 

61. FaWaMo«.i°. Ld, 
the construction he madk un- 
der the supposition that the 
auxilittrt/ plane ia any plane 
whatever. 

In order that the auxil- 
iary plane shall pass 
through the given line, its 
traces must pass through 
the points in which this line 
meets the planes of pro- 
jection, that is, through 
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m and n' (48). Tlirough m and »' draw the lines. ffp and pj^, to 
any point fi taken on the ground line. We know that (pBp") is 
aplane passing through the given line, since it has two points in 
commOQ with it (Int, Def. 1). Let na now determine the inter- 
section of this auxiliary plane with the given plane (55). Wo 
have pc an dye* for the projections of the line of intersection, 
and (e, <f) as the point in which the given line meets the given 
plane. 

62. Var. 3°. Xe( Me given line be perpendicular to one of the 
planes of projection. 
If it bo perpendicular to the horizontal plane, its horizontal 
projection will be the point 
0, and its vertical projec- 
tion -will be (/o" perpen- 
dicnlar to the ground lino 
(9). In this case, the aux- 
iliary plane is perpendicu- 
lar to the horizontal plane 
(Int. Prop. XXV,) ; its ver- 
tical trace must therefore 
be perpendicular to the 
ground line (38-5). Its hor- 
izontal trace may be any line paeaing through o, and (c a' a") will 
be the auxiliary plane. The problem is thus reduced to finding 
the intersection of the plane (c a' a") with the given plane, and 
determining the point (o, o') in which the line of intersection 
meets the given line, as in the general constmction. 

63. Var. 3°, We might 
modify the last construc- 
tion by taking the horizon- 
tal trace of the auxiliary 
plane parallel to the hori- 
zontal trace of the given 
plane. In this case, the 
intersection of the two 
planes will be parallel to 
the horizontal trace (Intr, 
Prop. XVI.), and its vertical projection will he parallel to the 
ground line (38-2) ; and (o, o*) will be the required point. 
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64. Ydf, 4?t The constractlon might again he modified, by 
Bnpposingthe borisontal trace 
of the auxiliary plane to be 
parallel to the ground line. 
Id this case, the intersection 
of the two planes will be 
parallel to the vertical trace 
of the given plane, and so will 
its vertical projection; and 
(o, (Z) ia the required point. 

6B. In VariaHon 2°, we 
may consider the point o as the 
faoriEontal projection of a point in a given plane (a a a'), and it ii 
evident that the point in the plane must be at the intersection 
with this plane of a perpendicnlar to the horizontal plane of 
projection at o. The preceding constmction enables us, there- 
fore, to resolve the general problem which may be stated as 
follows : 

Saving given one of the projectiona of a point situated in a given 
plane, find tke other projection. 

If the vertical projection o* 
of a point in the plane (a a a') 
be known, we may determine 
the horizontal projection, by 
observing that thepoint, whose 
horizontal projection is re- 
quired, is the point in which a 
perpendicular to the vertical 
plane through (/ meets the 
given plane. If we draw an 
auxiliary plane through this 

peq>endicnlar, the vertical trace of which is o'a', parallel to 
a' a. the vortical trace of the given plane ; the horizontal trace 
will hea'ft perpendicnlar to the ground line (38-5); and bo, 
parallel to the ground line, will be the horizontal projection of 
the intersection of the auxiliary and given planes. The point 
0, at the intersection of the perpendicular through & to the 
groQod line (34) with the line bo, will be the horizontal projec- 
tion required. 
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FBOBLXKTI 




66. Tieo points bmng given by their prelections, Jtnd the true length 
of (he right line joining them. 
Let((r,a')ffi,i')betho twogivenpointB. The projections oftlio 
right line joining these points will 
be a ft and a' U (46). It is required 
to find the true length of the line 
{ab,a!b'). 

To do this, we remark, that a' cc 
and 6' (9 represent the hfiights of 
the given points above the hori- 
zontal plane (36). If, therefore, 
wo suppose two perpeodicalars to 
be erected to the horizontal piano 
at a and 6, equal reapectively to oa'and b' fi, the lipper extremi- 
ties of these perpendiculars will correspond with the given 
points in space, and the right line connecting them will be the 
line, the trae length of which we wish to determine. 

Let the horizontal projecting plane of this line be revolved 
abont its horizontal trace a b, as an axis, nntil it coincides with 
the horizontal plane of projection. The perpendiculars at a and 
b, being perpendicular to the axis before, will also be perpen- 
dicular after, the revolution ; and the given points in space will 
fall in the perpendiculars 6 b" and a a", and at distances from 
ab, equal to their reapectiva distances above the horizontal 
plane. Laying off bb" = l/ fi, and aaf'^a'a, we have b" and 
rf' for the revolved positions of the given points; and a"b" 
will evidently be the true length of the right line joining them. 
' 67. If b"d be drawn parallel to ab, we shall have a right- 
angled triangle b" d a", in which the hypothenuse 6" a" is equal to 
the true length of the line joining the given points ; the base 
db" is equal to a 6 the horizontal projection of this line; and 
the altitude da" is equal to aa" — 66", that is, to the diflferenco 
between the perpendicular distances of the given points abovo 
the horizontal plane. Hence, the true length of a right line join' 
ing any two points in Space, is equal to the hypothenuse of a right- 
angled triangle, vihdse base is equal to the horizontal prelection of this 
line, and whose altitude is equal to the difference between the perpen- 
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dictdar distances of the ^iven points above the horUoTftal plane of 
prt^ection. 

68. Jf a right Um be parallel to a plane, its projection on this plane 
will be equal to itself. For, in this case, the two projecting per. 
pendicnlars of the eitremitios of the line will be equal, and tha 
given line and its projection will be the opposite eidcs of a 
rectangle, and will consequently be eqaal. 

69. If a right line be tiot paralld to the plane of projection, its pro- 
jection will always be less than the line itself. For, in this case, 
the true length of the line is the h jpothennee of a right-angled 
triangle, the bsBo of which ia the projection of the line (67) ; 
and the base is always less than the hypothenose. 

70. Since the projection of a right line on a plane to which 
it is parallel, is always eqnal to the true length of the line (68); 
we may use this principle to 
determine the length of a 
lino joining two points in 
space. For this purpose, 
revolve the horizontal pro- 
jecting plane of the lino 
about the vertical line 
tbrongb a, as an axis, until 
it becomes parallel to the 
vertical plane of projection. 
Id this position, tho projeo- 
tions a and a' will remain 
nnchanged. The point 6 will be found at c, on the line a c par- 
allel to xy,ac being equal to ali. Since the point, of which b 
is the horizontal projection, remains at the same distance above 
the horizontal plane; its vertical projection will be found at if, 
at the intersection of the perpendicular through c with the 
parallel to the ground line through b' ; and a' c* wilt be the verti- 
cal projection of the line joining the two given points, when it is 
revolved to be parallel to the vertical plane of projection, and 
is therefore equal to the true length of the line (68). 

FBOBLEM Vn. 

71. A plane being given by its traces, find the position of a point 
s&uated in this plane, when the plane has been revolved tocoittcide with 
either plane of projection. 
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Let (flort') be the giveu 
plane. The projections of 
the point Bitaated in this 
plane cannot be assumed ■ 
for, the projecting perpen- 
dicnlara which determine 
the point, mast intersect 
each other in the given 
plane. Bat if we aBsnme 
one of the projections, 
vhich we may always do, we may readily determine the other 
projection by the eonstmotion given in (65). 

Let b be the assnmed boriEontal projection of a point in the 
plane (aaa"); V <? will be the vertical projection of the intersec- 
tion of a plane {b^(f), drawn through the horizontal projecting 
line of tho point, with the plane (a a a''); and b', at the intersec- 
tion of the perpendicular to the ground line through b with the 
vertical projection b'd, will be the vertical projection of the 
point in the given plane. 

It is now required to find the position of the point (b,b'), 
when the plane (a o. a') is revolved about its horizontal trace a a 
to coincide with the horizontal plane. 

In this revolution, the point (b, i') preserves its relative posi- 
tion to the axis; and will be found in a perpendicular 6c to tho 
axis t<Ea, and at a distance fVom aa, equal to its distance from it 
before the revolution. This distance is evidently et^ual to the 
bypotbenuse of a right-angled triangle, of which the base ab is 
equal to the distance of the horizontal projection of the point 
ftom the axis, and the altitude equal to the height of the point 
above the horizontal plane. Layingoff 6i"=(Jc', we have a6" 
for this bypothenuse; and laying off on the perpendicular be, 
the distance a c =a b" ; the point c will be the revolved position 
of the point (b, b'). 

72. If the given plane had been perpendicular to the horizon- 
tal plane, the horizontal projection of the point would be found 
in the horizontal trace of the plane ; and in the revolution, the 
given point would fall at a distance from the axis, equal to its 
height above the horizontal plane. 
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PBOBLEKVIIL 

73, Through a given point draw a right line parallel to a gwm 
right line. 

Lot (a, a') be the given point, and (bd, b' cC) the giv^n lino. 
If the two lines be parallel; 
their projectiona will alao be 
parallel; for the projecting 
planes of the lines are re- 
spectively parallel to each 
otber (Int. Prop. XII.) ; and 
the intersection of these par- 
allel planes with the planes 
of projection will also be par- 
allel. (Int. Prop. XIX.) Hence, 
ac parallel to bd, and aV parallel to &'<f, will be the projec- 
tions of the parallel line. 

PBOBLEH IX. 

74. I>raw a plane through a given point parallel to a given plane. 
Let (a, a*) be the given 

point, and (bab') the given 

plane. Since the planes are 

reqaired to be parallel, their 

traces will be respectively 

parallel; we know then the 

direction of the traces of the 

required plane. Through the 

given point (u, d'), and in the 

plane of the required plane, 

let a line be drawn parallel to the horizontal trace of this plane. 

Its horizontal projection will pass through a and be parallel to 

6 oc ; and its vertical projection will pass through a' and be 

parallel to the ground lino (38-2). This line meets the vertical 

plane of projection at </. The points' is one point in the vortical 

trace of the required plane. Drawing c'fi parallel to b'a, wo 

have the vertical trace of this plane. A line through jJ, parallel 

to the horizontal trace of the given plane, will give jSc as the 

borisontal trace of the required parallel plane. 
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75. We might determine another point in the horizontal 
trace, and thns vejify the above constraction : by drawing, 
throngh the given point, a line parallel' to the vertical trace of 
the required plane. Ita vertical projection wonld pass tbrongh 
a',andwonld be parallel to c';!; a' a' is this projection, and a o, 
parallel to the groond line, is the horizontal projection of the 
anxiliaTy line. The line (a' a', a c) meet« the horizontal plane of 
projection at c: the pointc is theitfore a point in the horizontal 
trace of the required plane. If the constmction be accurately 
made, the point c will be in the trace ^ c before foond. 

76. This problem may be solved in a more general way, by 
drawing in the fpven plane any right line whatever; and then 
Aawin^ through the pven point, a line parallel to this line. 
The parallel line will be a Una of the required plane, and the 
points in which it meets the planes of projection will detennine 
ft point in each trace of the required pluie. The traces may 
then be drawn parallel, respectively, to the traces of the ^ven 
plane. AVe may verify the construction, by observing whether 
their traces intersect in the ground line. 

Let (a, a') be the ^vcn 
point, and (&a^ be the given 
plane. Assume any points m 
and m' in the traces of the 
given plane; and draw the 
perpendiculars m j? and m'^ 
to the ground line : jf will ho 
the vertical projection of the 
point m, and fi will be the 
horizontal projection of the 
point m'; and nfi and m' p^ 
will be the projectitms of a 
line mtoated in the plane (bab'). Drawing throngh a and a' 
the lines a o and a* </, parallel respectively to m ^ and m' ^, they 
will be the projections of a line passing through the given point 
and parallel to the line assumed in the ^ven plane. The points 
o and o', in which this line meets the planes of projection, 
determine a point in each trace of the parallel plane ; and oa' 
and e'a' parallel respectively to (sand £'a will be the traces 
of this plane. The point of intersection of these traces, •', must 
be in the ground line. 
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FBOBLEM X. 

77. Draw a jfiarte through three given points. 
Let (a, d), (b, ft"), and 

(c, if) be the given points. 
If tiiese points be con- 
neeted, two and two, by 
nghtUnee; these lines will 
be lines of the required 
plane, and their projec- 
tions will pass through the 
corresponding projections 
of the given points. If 
we determine the points 
in which these lines meet 
the planes of projection,we 
shall have points in the 
traces of the required plane. 

The line (ab,a'U) meets the vertical plane at m', and ^e 
horizontal plane at m ; the line (a c,a'(f) meets the vertical piano 
at n', and the horizontal plane at n ; and the line ib c, b' </) meets 
the planes of projection at o and (/• The ^ints m,-n,o, ara 
points in the horizontal trace of the required plane ; and the 
points m', n', o', are points in its vertical trace. The lines ti om 
and m' </ n' are therefore the traces of the required plane. These 
traces must be right lines, and must intersect the ground lino 
at o. 

78. Var, 1". If (Ac Xim which connects two of the given points be 
parallel to either plane of projection, the vertical for example, then 
the point in which it meets this plane will be at an infinite dis- 
tance, and cannot therefore be used in the construction. In 
this case, the vertical trace of the required plane must evidently 
be parallel to this line, and also to iu vertical projection. (Int. 
Prop. XII.) 

79. Var. 2°> If the line vhich connects two of the given points be 
parallel to both planes of projection, it will meet neither of these 
planes, and the traces of the required plane being parallel to 
the projections of this line, will be parallel to the ground line. 
(Int. Prop. XI.) 
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PROBLEM XI. 

80. Draw a plane through a given point and through a given right 
line. 

If a right line be drawn through the given point and parallel 
to the given line, it will be a lino of the required plane. If we 
determine the points in whicli this line and the given line meet 
the planes of projection, we shall have two points in each trace 
of the required plane, and the plane is therefore determined. 

Let (a, a' ) be the given 
point, and Q>e,b'<f) tho 
given line. We have 
(am,a'm') for the lino 
through (a, a'} parallel 
to (6c,6V) (73); and 
this line meets theplanes 
of projection at m and 
m'. The given line 
meets the planes of pro- 
jection at b and c', hence 
fllft and m'a are the traces of the required plane. 

If the construction be accurately made, these traces must 
intersect each other in the ground line at a. 

81. Variation* Instead of using a parallel to the given line, 
we might have used the lino connecting the given point with 
any point whatever of the given line. 

To fix the position of tho assumed point in the line (b c, b' ef), 
we must make its projections m, m', fulfil the condition of being 
in the same perpendicular to the ground line (34). We have 





{am,a'm") for the line joining tho point {a,a') and the point 
(m, m'). It will be a line of the required plane, and the traces 
of the plane may be readily determined, as before. 
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PROBLEM XH 

82. Thrmgh. a given right line draw a plane parallel to a given 
right line. 

If any point be assumed on the line throngh which the plane 
is to be drawn, and a line be drawn through it parallel to the 
other line, the plane throngh this anxiliary line and the first 
line will be the required parallel plane. 

Let it be required to draw a piano throngh the line (ab,a'l/) 
parallel to the line (cd, t^df). We have {m o, m' o') for the par- 
allel line through the point (m, m'). If we determine the points 




in which the lines (mo, m'o') and {ab,i'b") meet the planes of 
projection, we shall have two points in each trace of the re* 
quired plane. The traces are readily determined. 

raOBLEH Zm. 

83. DraxB a plane through a given poini and parallel to two given 
right lines. 

Through the given point draw two right lines parallel to the 




two given lines. The plane of these tines will pass through the 
given point and be parallel to the two given lines. 
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The conatructlon may readily be made as in the figure, 

PROBLEM XIV. 

' 84. ^ind a right line that shall pass through a given point and 
meet two given right lines. 

First Solution. Draw a piano through tlie given point 
and one of the given linea as in Frob. XI.} and another 
plane through the given point and the other given lino. The 
line of intersection of these two planes, determined by JVo6. 
IV., will be the required line. 

Let {a,a') bo the given point; (bc,b'(f) (d€,d'ff) the given 
lines. 

The plane through {a, a' ) and (b c,b' d) has <f «. and b <x for ita 




traces; and fief and pd are the traces of the plane through 
(a, a') and the line (de,d'd). The intersection of the planea 
(ftiic') and ('i^c') is the line (mn.m'n'), which is the required 
line. 

85. Second Solution to Prob. XIV, If wo pass a plane 
through the given point and one of the given linos as in Frob. 
XI., and find the point of intersection of the other given line 
with this plane, as in Proh. V.f and join this point of inter- 
section with the given point, we shall have a right line which 
will, in general, meet the first line. 
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The plane through (a, a') and (bc,b'(/) is {ifab). The line 



{ie, d'e') meets this plane iu the point C/i/")- The right line 
joining this point with the given point is the required line, 
86. TMrd Solution to Ffob, XIV. Take, at will, any 




two points (m, m' ) {n, n' ) on thft line (d e, d' e" ). Through thesf 
points and the point {a,a") draw two lines, and determine the 
points (p,p') (g, J*) in which they meet the horizontal projecting 
planeof the line (ic.fcV) as in Prob, V. The line (bc,b'<f) 
will meet tho line (_pq,p'q') which joins the points (p,?*) (g,^] 
in a point (/,/'); and if wo join the point {/,/') with the given 
point («,«') by a right line, this line will be the required line. 
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For it paases through the given point, is ia the plane of the 
first line, and most therefore, in general, meet it, and it also 
meets the second line. 

PBOBLEK XT. 

87. Draw through a given point a right line perpendicular to a 
given plane, find the point in which it meets the plane, and the trve 
ten^h of the perpendicular. 

If a line be perpendicular to a plane, the projections of the 
line will be perpendicular to the traces of the plane. For, the 
horizontal projecting plane of the line is perpendicular, at the 
same time, to the horizontal plane of projection and to the 
given plane (Int. Prop. XXI.) ; and mast therefore bo perpen- 
dicular to their common intersection (Int. Prop. XXVIII. 
Cor. 2), which is the horizontal trace of the given plane. But 
the horizontal trace of the given plane being perpendicular to 
the horizontal projecting plane of the linej is also perpendicular 
to the horizontal trace of this plane, which is the horizontal 
projection of the given line. Since the same reasoning equally 
applies to the vertical plane of projection; we conclude, that if 
a right line be perpendic- 
ular to a plane, the pro- 
jections of the line will 
be perpendictdar to the 
traces of the plane. This 
principle being estab- 
lished, the Problem is 
readily solved. 

Let (a, a') be the given 
point, and (mam') the 
given plane. The lines 
a b and a' V perpendic- 
ular to the traces ma 
and m'a, are the pro- 
jectionsof the required 
perpendicular. By Prob. V. we determine (&, 6') as the point 
in which this perpendicular meets the plane (mam'); and by 
Prob. VI. we find a' c" to bo the true length of this perpendicular. 

88. Yduriatimi, I/et the traces of the given plane be paraM to 
the ground lint. 
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In this case, the cooatrnction given above would fail, and it 
TTonld be necosaary to use an auxiliary plane as in JVo&. IV> 
Var, 3d. 

iet (a,a') be the ^ven point, and be and h' if the traces of 
the given plane. Through (a, a') draw a plane perpendicular 
to Ihe ground line; a a and a' a are its traces. This piano inter- 
acts the given plane in a line which meets the vertical plane 
of projection at d! and the horizontal plane at d. If the aux- 
iliary plane be revolved about ite horizontal trace a a, until it 
coincides with the horizontal plane ; the point if will fall at /9, 
n j} being equal to B<i', The point d being in the axis will remain 
fixed, and [2j3 will be the revolved position of the intersection 
of the auxiliary and given planes. But the perpendicular line 
through (a, a' ) to the given plane, being in the vertical plane 
through (a, a'), is perpendicular to the intersection of this plane 
with the given plane; and in the revolution it remains perpen- 




dicular. Hence, af", perpendicular to d&, will be the revolved 
position of this line; and /" is' the revolved position of the 
point in which the perpendicular meets the given plane. In 
the counter-revolution, the point, /" will be . horiBOntally pro- 
jected at/, and vertically at/; /a being equal to//'". "We have 
(/,/") for the point in which the perpendicular meets the given 
plane ; and af" for the true length of the perpendicular. 

The projections of the perpendicular are evidently in the 
traces a a and a' a (7). 

PEOBLEH XVI. 
89. Through a given point draw a plane perpendicular to a given 
rigM tine. 
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Let (a,a') be the given point, and (be,lf<f) th« given lino. 
Since tlie required plane has to be perpendicular to the given 
line, the traces of the plane will be perpendicular to the projec- 
tions of the line (87). We know then the direction of the re- 
quired traces. Conceive aright line to be drawn through (a,a') 
parallel to the horizontal trace of the required plane j this line 
will bo a line of the required plane. Its horizontal projection 




will pass through a, and will be parallel to the horizontal trace 
of the required plane (72) ; that ia, will be perpendicular to 6 c. 
Its vertical projection will pass through a', and be parallel to 
the ground line (38-2). This line meets the vertical plane of 
projection at m'. This point is a point in the vertical trace of 
the required piano, and m' a, perpendicalar to b' (f, will be the 
vertical trace of this piano; and a>ni perpendicalar to be, will 
be its horizontal trace. 

90. We might verify the horizontal trace, by finding another 
point of it. For, if wo draw through (a,a') a line parallel to 
the vertical trace of the required plane, the lino a' ft, perpen- 
dicular to 6V or parallel to a m', will be its vertical projection ; 
and the lino a m parallel to the ground lino will bo its horizontal 
projection. If the construction be accurately made, the point 
m, in which this line meets the horizontal piano, will be in tho 
trace a m. 

PEOBLEM XVn. 

91. Draw through a ^iven point a plane parallel to a given plane. 
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Let (a, a') be the given point ; (m a m') the given plane. Since 
the planes are to be parallel, their traces will be parallel, (Int. 




Prop, XIX.). We know then the direction of the traces of the 
required plane. If a line be drawn throngh (a, a') parallel to the 
horizontal trace of the required plape, its horizontal projection 
will pass throngh a, and be parallel to the horizontal trace of 
the required plane; that is, it will be parallel to am; and ita 
vertical projection will paaa through a', and will be parallel to 
the ground line. The line (a n, a' n') meets the vertical plane 
of projection at n'; n'j9 parallel to a m', and ^ parallel to am, 
willbethetracea of the required plane. By drawingaline throngh 
the point (iz, a') parallel to the vertical trace of the required 
plane, we may determine another point in the horizontal trace, 
and thus verify the construction. 

S2. Second, Solutimt* If, from any point of the ground line, 
two lines be drawn perpendicular to the projections of the given 
line, respectively, they will bo the traces of a piano perpendicular 
to the given plane, and paseing through the asBumed point on the 
ground line. If now a plane bo drawn through the given point 
{a, a'), parallel to this plane, it will be the required plane. 

FSOBLEK ZVm/ 

93. 'Xh'ough a given point draw a right line pervendicular to a 
given right line. 

Let (a, a') be the given point, and ((tc, iV) the given line. 
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If tbrongb the given point a plane be drawn perpeDdionlar to 
the given line, and the point determined in which the given 
lino meets the plane ; the right line, connecting the point of tnter- 




eectioQ with the given point, will he perpendicolar to the given 
line. We determine the plane through (a, a') perpendlcnlar to 
{6c, fc*) hy Frob. XVI.; and mo and m'a, are ita traces. 
The line (a/, a'f) ia tho perpendicular required. 

94. Second Solution. Draw a plane through the given 
point and the given line by JfVoft. XI. Revolve this plane 
about itB horizontal trace until it coincides with the horizontal 
plane, and find the revolved position of the point and line. A 
line drawn through the revolved point, perpendicular to the 
revolved line, will be the revolved position of the perpendicular. 
The projections of this perpendicular, in the counter-revolution, 
will give the required perpendicalafi 

FBOBIEH XIX. 

95. Fiad, the angle which a right line, given by its prtgedioMi 
makes mtk the plane of projection. 

If from any point of a line which ia oblique to a given plane, 
a perpendicular bo drawn to this plane, and the points in which 
the perpendiculars and the given line meet this plane be joined 
by a right line, this line will be tho projection of the given linB 
en this plane ; and ths angle which the given line makes with 
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the p]ane is measured by the angle Trhich this line makes with 
its projection on this plane. 

Let (a 6, a' ^) be the giVen lino obliqae to the planes of pro- 
jection. Let it be required to determine the angle which it 
makes with the horizontal plane. The line (a h, a' V) meets the 
planes of projection at a 
and^. Revolvethehori- 
zontal projecting plane 
of this line abont the 
horizontal trace a fi until 
it coincides with the 
horizontal plane. The 
point 1/ falls at p in 
a perpendicular to the 
axis, and at a distance 

from it eqnal to ffi^. The point a, being in the axis, r 
fixed. The line ap is the revolved position of the given line; 
and the angle ff ap is the angle which the given line makes with 
the horizontal projection a b, which angle is the measure of the 
angle required. 

96. The iuigle which the line makes with the horizontal plane 
might be determined, by revolving the plane (a ^9 5') about its 
vertical trace Cff, as an axis, until it coincides with the vertical 
plane. The point a is found o.tjf, jJjf being equal toa|3; and 
ffb' will be the revolved position of the line, and ,i^b' the re- 
quired angle. 

97. The angle which the line makes with the vertical plane of 
projection is determined by an analogous process, and is a'i^a". 

FBOBLEX XZ. 

98. ApktTie being given by its traces, find the angle which it maket 
with either of the planes of projection, say, the horizontal plane. 

In general, the angle which two planes make with each other, 
is measured by the angle formed by two right lines, one in each 
plane, and peipendicnlar to the common intersection of the 
planes at the same point (Int. Def. 10). 

Let am and a' a be the traces of the given plane. 

If a plane be drawn perpendicular to the horizontal trace an, 
it will be perpendicular to the given plane, and also to the hori- 
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EODtal plane of projection (Int. Prop. SXVIII.); and will con- 
Bequently intereect these planea in lines which will be perpen- 
dicular to their common intersection at the same point. Tho 
angle included between these lines is the angle reqnired. a p 
perpendicular to a (i, ie the horizontal ; and B a', perpendicular 
to the ground line, is the 
vertical trace of the auxil- 
iaryplane. The right line 
in space which joins the 
points a and a', is tlio lino 
cat out of the given plane 
by the perpendicular plane; 
and ia evidently the hy- 
pothennae of a right-angled 
triangle which has a ^ for 
its base, and p a' for its al- 
titude. Tho angle at the 
base is the required angle. 
Let the plane of the 
trTangle be revolved about 
the base a^, as an axis, until it coincides with the horizontal 
plane. The point a' falls in a perpendicular p of', and at a dis- 
tance from the axis equal to$a'; the point a remains fixed ; and 
a a" is the revolved position of the line joining a and a', and ff a a", 
is the required angle. 

99. The angle which the given plane makes with the vertical 
plane of projection is determined in an analogous manner. We 
draw a plane perpendioolar to the vertical trace of the given 
plane, and find the position of the intersection of this plane with 
the given plane, when the perpendicular plane is revolved to 
coincide with tho vertical plane of projection. We havepW 
for the required angle, 

100. If we revolve the plane (afia') about its vertical trace 
fi a' until it coincides with the vertical plane, the point a will 
describe in the horizontal plane the arc of a circle with ^ a as a 
radius, and |1 as a centre, and will fall at p*; a'& is the revolved 
position of the intersection of the perpendicular and horizontal 
planes, and fl^a' ia the atigle which the given plane makes with 
the horizontal plane, 'bj a similar construction we may deter* 
mine the angle with the vertical plane. 
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101. We may readily determine the angle between the traces 
of the given plane, by revolving the plane about its horizontal 
trace, and find the revolved position of the vortioal trace. The 
point a' falls at a'"inaperpondicnlartotheaxiB, andatadistance 
from it equal to the true length of the line joining the points a 
and a', that is, eqnal to aa". The points remains fixed, and 
a'" a is the revolved posltioB of the trace « if, and a'" a a is the 
angle of the traces. 

FBOBLXK XXL 

102. Find the angle included between two given lina. 
Let (a b, a' b'), (a c, a' (f) be the two given lines. 

If the lines intersect, the projections a and a' of their point of 
intei'scction must i^ilfil the oondition of being in the same per- 
pendicular to the ground line. The given lines meet the hori- 
zontal piano of projection at b and c, and be is the horizontal 
ti'nco of the plane of these lines. 

The lino be is the base 
of a triangle, the vertex 
of which is projected at 
(n,a'). Thoangleopposite 
to the bnso is therequired 
angle. If ad be drawn 
perpendicular to be, and 
from the point d a line 
be drawn to tbo vertex 
(a, a'), this line will lie in 
a vertical plane through 
(a, a') perpendicular to 
be, and will also be perpendicular to 6 c; so that, if the plane of 
the triangle be revolved about 6 e, as an axis, until it coincides 
with the horizontal plane, this perpendicular will take the direc- 
tion dd", and the poinC^a, a') will be found at li", at a distance 
from b c, equal to the bypothennse of a triangle of which ad is 
the base and a' d* the altitude. Joining d" with b and c, the 
angle 6 d" c ia the angle required, 

103. The vertex d" might also he found by finding the true 
length of the sides of the angle ; the projections of these sides 
being, respectively, a b and a' I/, be and 6' &, as in JProb. VU. 
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Then deacribiDg two arcs finm h and c, as c«ntre«, with mdii 
e^nal to the true length of the sides, their iotcnection deter- 
mines the point (T. 

104 If the given lines be not in the sune plane, the angle in- 
cluded between them is measnred bj the angle incloded between 
two right lines drawn through any point and parallel to the 
two given IJues. The construction can readily be made. 

105. Var. 1", If one of the given laes be paraBd to tke korizontal 
flane, it« projection on the vertical plane is parallel to the 
ground line. 

In this case, the horizontal trace (/of the plane of the two 
lines will be parallel to the horizontal projecti<m of the line 




which is assnmed to be parallel to the horiaontal plane. When 
the plane of the lines is revolved to coincide with the horiaontal 
plane, the horisontal line will revolve parallel to the horizontal 
projection, and bt^tf is the angle required. 

106. Var. 2°. If one of the given lines be parotid to the ground 
line. 

Its two projections will he parallel to the ground line; the 
traces of the plane of the lines will also be parallel to the ground 
line. The constmction may readily be made. 

107. Var. 3°. If the vertex of the angle be in the horizontal plane. 
In this caeo, we assume a point on either of the given lines, 

and draw a line parallel to the other given line. The angle 
between this line and the first line will be the angle required. 
The construction is readily made. 
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108. Bemarb. If two right lines are perpendindar to each other, 
and are projected on a plane to which one of them is parallel ; their 
projections leill also be perpendicular, to each other. . 

Fop, if through the linewMoh isparallel to the plane oa which 
the projection is made, a plane be drawa perpelidicalar to the 
other line, its trace will be parallel to the line through which 
the plane is drawn (Int. Prop. XTL), and also to the projec- 
tion of this line. But the projectiOD of the line to which the 
plane is drawn perpendicular, is perpendicular to the trace of 
this plane (87) ; it is therefore perpendicular to the projection 
of the line through which the plane is drawn. 

FBOBLEK ZZU. 

109. Throwgh the yoijrf of inierudion of taso given lines, draw a 
right line that shall bisect their angle equally. 

Let (a b, of V) and (a c, a' <f) be the given lloes. Construct the 
angle between the two 
given lines as in Pro6, 
XXX. "We have 6 a" c for 
this angle. Bisect this 
angle equally by the line 
a" f. It is now required 
to determine the projec- 
tions of the line d"/, when 
tbeplane of the given. lines 
assumes its trne poaitiofi. 
In the counter-revolution, 
the vertex a" falls back in 
a perpendicular to the 
axis, ^nd (a, a') will be the poeition of this point ; the point / in 
which the bisecting line meets the axis remains flxed;/will 
therefore be its own horizontal projection, and/', in a perpendic- 
ular to the ground line through /, will be its vertical projection, 
and {af, a'f) will be the projeotions of the bisecting line. 

FBOBLEK TfTTTT 

110. Find the angle which a given right line makes with a plane to 
which it is not parallel. 

. Let (a b, a' U) be the given line, and (m oc m') the given plane. 




40 DI80EIPTITB GBOMITBT. 

Since the angle wtiich a Une makes with a plane, is equal to 
the angle vhich the line makes with ita projection on that plane 
(95); if, fi^m any ptunt of the given line, a perpendicular be 
drawn to the given plane, the angle which the perpendicular 
makes with the given line, win be the complement of the angle 
which this line makes with its projection on this plane. The 
problem ia thus reduced to finding the angle between two right 
lines as in JVofr. XXI. 

Through anypoint {a a') drawthe lines ae ando'c' perpendicu- 
lar to the traces of the given ]^ane ; (a e, a* c') will be a line 
perpendicular to the given plane (87). The boriaontal traee of 




the plane of the given line and this perpendicnlar is he, and 
ra"6 will be the an^ebetweoatlieselineB. If we draw e A per- 
pendicular to a"&, a"«A will be th« angle Teqtdred. 

PBOBUKXZET. 

111. J^nd the angle ineiuded betiten fiM give* jdciua 

The angle between two planes is measured b^ the angle 
included between two right lines drawn, one in each plane, per- 
pendicalar to the common intersection of the planes at the same 
point (Int. DeC 10). If a plane be drawn perpendiealar to th« 
intersection of the two given planes, it wiQ Intoaect the given 
planes in two right lines, which wiU make with eadi other the 
required angle. 

Let (day) and (afltf) be the two^ven plasea. 

These jdanes intersect each other in a Ibte which meets the 
vertical plane of projection at a*, and the boriamtal plana at 
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a, and a*' is the horixontal projection of the interBection. 
The lino ^ei perpendicoUr to a oc' ia the horisoDtal trace of a 
plane perpendicalar to the intersection of the two given 
planes (87). The perpendionlar plane intereeota the given planes 
in lines which meet the horizontal plane of projection at g and A; 
and which form with the line ; A a triangle, the angle opposite 
to 7 A being the angle required. 

Let the plane of the triangle be revolved abont g h, as an axis, 
nntil it coincidee with the horizontiri plane. Thevertexofthetri- 
angle is in the vertical plane a e a'. Bat this plane is perpendicular 
to^A.Bince^Ais perpen- 
dicular to a •'. Then, 
the line which joins c 
and the vert«z of the 
triangle, is perpaadiou- 
lar to gk; and in the 
revolatiOD of this plane, 
this line wiU take the 
direction c a. We have 
now to find the true 
length of thia line. 

The plane of the tri- 
angle is perpendicular to the intersection of the two given 
planes. The line which joins the point o with the vertex of 
the triangle, being in the plane of the triangle, is also perpen- 
dicular to this intersection. If, therefore, we revolve the hori- 
zontal projecting plane of the intersectioB of the two given 
planes, abont its horimnt^ trace, ttntQ it coincides with the 
horizontal plane, the line of interaeotion will take the position 
a a", since a remains fixed, being in the axis, and a' falls in a 
perpendicular to a a, and is found at a", a' a" being equal to 
a' a'; cd", perpendicular to this revolved line, is the revolved 
position of the line joining the point c with the vertex of the 
triangle, and will be the true distance of the vertex iVom the 
base. If we lay off ed' = crf", and draw (f y and (f A; gd^hviU 
be the angle required. 

112. We might have determined the true length of th« Kiie 
joining the vertex of the triangle with the base, by rfiyolving 
the horizontal projecting plane of the intersection of the two 
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giveD pl&nea ftbont its vertical trace, nDtil it coincides witb the 
vertical plane of projection. In this poaition, tz* a"' wonld be 
the revolved position of the intersection of the planes ; & the 
revolved position of the point e; and tfd the trae length of the 
perpendicular. The vertex of the trianj^e is evidently horizoa- 
tally projected at m, where a perpendicular &om d^'toaa meeta 
this line. 

raOBLEK XZV. 

113. Fittd the ihortest dittancet beheeeit two right lines, jtot in the 
tame plane. 

If a plane be drawn through one of the lines parallel to the 
other line, every point of the parallel line will be equally dis- 
tant from the plane drawn parallel to it ; and since the shortest 
distance required mosl join a point of this line with a point of 
the parallel plane \ it follows, that this distance cannot be less 
than the perpendicular distance between the line and plane. 
This perpendicular is also the shortest distance required. 
(Smith's Legendre, Book T. Prop. XXI.) 

Let (d fr, a' if), (_c ff, c* (T) foe the given lines : let a plaae be 
drawn through (ab,tf^) parallel to (cd, (f d), as in Frob, 
Xn, We have am, a'm for ita traces. Through any point 




(p,j/) of the line {dc, dcf) draw a perpendicular to this plane as 
in Prob. XT. The projections of this line are perpendicular 
to the traces of the plane, and (p y, j/j") will be the perpen- 
dicular line. The perpendicalar meets the plane (mam') at 
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the point (/,/')• ^^ a l^^® ^^ drawn through (/,/!) parallel 
to (cd, c'e^'), the projections will be respectively parallel to 
(c d, d d!)j and we have ( /s, /' ^ ) for the paralJeL These projec- 
tions meet those of the line (a 6, a! 6') at the point (s, s'). ^The 
point («,«') is therefore the intersection of the parallel line 
(/«,/«') with the line {ah^a!h'). If now we draw through 
(«,«'), the lines st, s'^t'y parallel to Jpg,p^q', and terminated by 
the projections cd and c^ d'; we shall have the projections of 
the shortest lines between the two given lines. The projections 
8 tj s' V are evidently perpendicular to the traces m a and m' a 

(87.) . 

. The true length of the shortest distance may be readily con- 
structed by JProb. XV* 114. If the two given lines intersected, 
then the. plane through one line parallel to the other line, 
would be the plane of the lines ; and the perpendicular which 
measures the shortest distance reduces to zero. 

115, If the two lines be parallel, then the right line drawn 
through one of the lines parallel to the other line, will coincide 
with the first line; the parallel plane becomes indeterminate, 
and the above construction' fails. In this case, the shortest dis- 
tance will evidently be any perpendicular drawn from one line 
to the other. 

PBOBLEM XXVI. 

116. Having given the three faces of a triedral angle, find the 
angles of inclination which the faces make mth each other, two and 
two ; that is, find the diedral angles. 

In a triedral angle there are three fkces and three diedral. 
angles. If we propose to determine three of these parts, when 
the other three are known ; there may be six cases as follows: • 
1°. When the three faces are known. 2°. Two faces and their 
diedral angles known. S*'. Two faces and the- diedral angle, 
opposite one of them. 4°. One face and the adjacent diedral 
angles. 5°. One face, one adjacent diedral angle, and one die- 
dral angle opposite the face. 6*^, Three diedral angles. The 
three last cases may be reduced to the solution of the three 
first. It must be remembered, however, that twa conditions 
must always he established when a triedral angle is formed 
with three given faces. 1st. The sum of- the plane angles must 
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be kes than fonr right angles (Smith's Leg., Book V. Prop. 
XXXTI.). 2d. The greatest plane angle mnst be less than the 
Bum of the other two (Smith'a Leg., Book V' Prop. XXXV.). 

To determine ike three diedral angles, when the three faces of the 
triedral angle are known ; in any plane taken as the horizontal 
plane of projection, make the angle asb equal to the plane 
angle of one of the faces; and let the planes of the other 
faces be revolved about as and sb, as axes, nntil they coincide 
with the horizontal plane. In this position, draw asc and bsi/ 
equal to the two other angles of the plane faces. It is evident we 
may construct the triedral angle by revolving the planes asc, 
Asc', around as and sb, until sc and S(f coincide. Take, on 
these sides, s/= sf, and draw fg h and /' ^ A perpendicular to 
sa and sb, and intersecting each other in A. During the reyo- 
lotion of the two faces, the points / and /' describe, about g 




and ^ as centres, circles situated in the vertical planes whose 
traces are gr A and / h' ; and when the sides s c and s" c" coincide, 
the points / and /' unite and form one point. The lines fg and 
f ^ form with g h and j' V angles, which are equal to the 
angles made by the lateral faces with the horizontal plane asb. 
To determine these angles ; revolve the planes of these angles 
aronnd the traces fg h and f (fh until they coincide with the 
horizontal plane. The common line of intersection of these two 
planes corresponds with the vertical line at the point A; and 
when the revolution is made around g h, coincides with A A per- 
pendicnlar to gh; and whea it is made around /A, it fhlls in 
A A'perpendieolartojr'A/Midtliepointofunlon of the points/and 
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f* in space, will fall on these perpendiculars, and at distances 
from ^A and jr A, equal respectively to gf and //', and will 
therefore be found at ft aiid A' ; hence, drawing g k and ^ k, the. 
angle kgh will be the inclination of the fiaces ase and ash, and 
the angle 1^ g'h will be the inclination of the faces hscf and ash. 

We might determine the third angle of inclination, by making 
on one of the faces ase,bs(/, the same construction which has 
been made on the face a s b; but it may be more readily deter^ 
mined as follows. Conceive a plaie to be drawn through the 
points in space corresponding to /and/', perpendicular to the 
third edge : it will intersect the two lateral faces in two right 
lines, which will make with each other the required angle of 
inclination. One of these lipes revolves on fp perpendicular to 
sc, the other, on, f q perpendicular to s<f. It is evident that 
the points^ and q, in which these lines meet the edges as and 
h s, have not changed in position during the revolution ; hence, 
drawing |> jT, we shall have on the face asb, the ttttce of a plane 
which contains the required angle; and if we revolve this plane 
around p q, the vertex of this angle will be found at the inter- 
section m of the arcs desoribed with the radii p f and q f : there- 
fore, the angle j>m; is equal to th«i third angle required. 

117. Many verifications may be noted. 

1^. The lines A ft and Aft' must be equali as revolutions of the 
same vertical. 

2^. The line ^A being the projection of the third edge on the 
plane asb, and p q being the trace of a plane perpendicular to 
this edge, it follows, that sh must be perpendicular to pq. If 
a A is perpendicular to p q, the right line drawn from the point 
in space corresponding to /, /', to the point n in which s A 
meets p q, must also bo perpendicular to pq: hence, in the revo- 
lution of pqm, this line must be found on the prolongation of 
sn; and the point m must be on this prolongation. Thus, the 
line a A is perpendicular to p q, and passes through m. 

3^. If we produce g A until it intersects 5 6 at t, the distances 
if and t ft, must be equal. In like manner, if we produce g' A 
until it meets 5 a in t', we must also have ffss f ft. 

6* B 
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118. Knomng two faces of a triedral angle, and their indination, 
find the third face, and the two other anglet of indtnatimi of these 
faces vUh the third face. 

Let asb and ascha the two giren faces, wben o&e U revolved 
around the common edge to coincide, with the plane of tlie 
other. If we draw /y. A perpepdicnUr to a «, the lines ^ A and 
(jr/wiirbe the intersections of these faces with the plane drawn 
perpendicnlar to the edge a i at the point g : and when the two 
f^es are in their true position, these lines make with each other 
an angle which is eqaal to the given inclination. 

Let the plane of this angle be revolved around g h until it 
coincides with the plane asb; the line gf will take the direction 
g k, and the angle kgh will be equal to the diedral angle of the 
faces. Further, the distance gf will not vary daring the revo- 
lution: hence, if we take gk^gf, and draw kh perpendicular 
to gh, the poiDt h will be the foot of the perpendicular let fiill 




on the plane ash, tbrongh the point on the third edge corre- 
Bponding with /and k. Let this third edge be revolved around 
b s until it coincides with the plane asb; it is evident that the 
point of this edge corresponding to/ will fall somewhere on the 
perpendicular h g'f to h s, and since it must be at the same dis- 
tance from the vertex s, as the point/, it must be found at/', 
and hence b sf is the third &ce. Knowing the three faces, the 
diedral angles are determined by the preceding problem. 
If we produce gh to t, if =s ik. 

FBOBLEX ZXVm. 

119. Maving two faces of a triedral angle, and the diedral angle 
opposite one of them,_find the third fact and the two other diedral anglee 
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Let a< ft and a(c be the two given faces, and BQ[fK>ao that the 
diedral ao^ opposite to the iace ascia also kaovn. If thei 




triedral angle in space be intersected hy a plane perpendionlar to 
the edge a s, and we revolve the triangle Trhich results fh>in the 
interaectiOQ of this plane with fitces of the triedral angle, until 
it coincides with the plane aib; gi and gf perpendionlar to a 4 
are the intersections of this plane with the Aces ash, asc; and 
g i and gf are, at the same time, the tnie lengths of the two sides 
of the triangle in which the catting plane meets the faces, 
Hence, if we conmder gita the base ot th^ triangle, the vertex 
will be found, after the rovolntion at nme point of the Bemi< 
circumference fp q, described from y aa » centre^ and with a 
radius gf. . ■ 

With regard to the third nd^ its direction ift made known by 
the intersection of the perpiendionlar plaoe to a a with the third 
face : and since the inclination of this third face is known, it Is 
easy to find the direction of this intersection. In the first place, 
we know it mnst pass through the point i; to find a second 
point, draw go perpendicular to fts, and conceive a plane to be 
drawn through g perpendicular to the ihce asb. This plane 
will intersect the third face of the triedral angle in a right line 
which will Ta&kQ an angle with og equal to the given {Dclina- 
tioD. We may th^n mi^e the revolution of this angle, in 170 m; 
and if we draw gm perpendicular to go,gm will be the true 
length of the perpendicular erected at 'g to the plane asb, and 
terminated in the plane of the third face. But this perpendic- 
ular lies entirely in the plane of the triangle which bas g 1 for 
its base, and whose revolution on the plane aab we desire to find ; 
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hence, when this triangle revolves around g i, its vertex must 
foil in the line ga^ and he found at a distance from g i, such that 
gn = gm: therefore, if we draw a right line through the point i 
and n, we shall have the direction of the third side of the triangle. 

When the line i n meets the semi-circumference fpq in two 
points;? and g, as in the figure, the problem admits of two solu- 
tions. For, if the plane of the circle fpq resume its original 
position, and we join the points p and q with the vertex 5, it is 
evident that we shall have two diedral angles constructed from 
the conditions of the problem. Let us examine that which is 
determined by the point p. The line p i will be the distance of 
the point i from a point of the third edge : but the distance 
of the vertex s from the point of the third edge is equal to sf: 
hence, when we revolve the third edge around bs, this point 
will be found at the point of intersection p' of the arcs described 
with the radii ip and 5/; and, consequently, drawing sp\ we 
shall have bsp' for the third face. If we consider the triedral 
angle determined by the point q, and make like constructions^ 
we shall have bsq' for the third face. 

. 120. JRemarhs. If we let fall perpendiculars from ^ and g* 
on ^Zy and then, through the foot of each perpendicular, draw 
perpendiculars to a b, these last lines must pass, respectively, 
through the points.j)', and j'. . . 

The problem has only two solutions in the case in which the 
points p and q are both. on the side in. When the point q 
falls on the side in', there will be no solution for the point q. 
When the semicircle /;) g* is tangent to in, the two solutions are 
reduced to one; ami finally, when the circle and line do 11 ot in-* 
tersect, the problem becomes impossible. 

PBOBLEHXXIX. 

121. To reduce the angle included between two right lines in space 
to the horizon. 

When we wish to make a map of a country, the prominent 
points of any part of the country are supposed to be connected by 
right lines, thus forming a system of rectilinear triangles ; then, 
if all the points are in the same horizontal plane, the triangles 
may be readily traced oh a map, upon, a reduced s^ale; and 
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because of the aimiluity of triangles, an accante representatioa 
wilt be preseoted by the map of the various points considered. 
But if the points considered are in different horiEontal planes, 
as is the case in all monntainons conntriea, ve suppose tho 
triangles formed, by connecting the assnmed points, to be pro- 
jected on an assumed horizontal plane ; and the triangles which 
result iVom this projection, are those which are transferred to 
the map by means of similar triangles. 

It thus appears, that the map will not present the angles 
themselves which exist in space, but the projections of these 
angles on tho assumed horiaontal plane ; so that, when it is 
reqnired to reduce the angle included between two right lines in space 
to the horizon, the object is to find the horizontal projection of 
this angle. For this purpose, we measure on the surface of the 
ground, not only the angle which the given lines make with 
each other, but also the angle which each makes with the 
vertical passing through the angular point; and with these 
angles known, the problem may be solved. 

Let J/ and 1/ represent the two given lines, A the angle 
which they make with each other, and V and V the angles 
which they make, respec- 
tively, with the vertical. 
Draw, in the vertical 
plane of projection m n 
perpendienlsr to the 
ground line a; y, and make 
the angle m np equal to F; 
and assume the vertical 
plane of projection as the 
planoof the angle V, which 
we are at liberty to do. 
The line np is the line designated by L, and the other line 
Z' must be represented, as passing through the point n, where 
it makes with m n the angle F, and with np the angle A. It is 
required to find the horizontal projection of the angle A. 

The line Z meets the horizontal plane of projection at the 
point J); and we have now to find the point in which the line X' 
intersects tho same plane. For this purpose, draw the line n q 
making with mn the angle mnq = V, and intersecting a; j/ in q; 
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then, from m as a centre, with a radius equal to m g, draw the 
indefinite arc qa, Th© line L must meet the horizontal plane 
^t some point of this £|.rc ; so that it is only necessary to find the 
distance of this point of intersection from the point p. But this 
distance, considered in the plane of the angle A, is the base of a 
triangle whose sides are equal, respectively, to np and nq; 
bonce, if we make the angle j?nr.= J., and take nr^nq, the 
lino p r will be equal to the distance sought. Then, from ^ as a 
contre, with a radius equal to;?r, describe the arc rb, the point 
J}, in which it intersects the arc qa, is the point in which the 
lino i' meets the horizontal plane: mp and ms are therefore 
the projections of i and JD', and the angle ^^m 5 is the required 
angle A, 

PBOBLEMS FOB THE EXEBGISE 07 THE STITDEin:. 

JProblem !• Construct a plane which shall pass through 
the intersection of two given planes, and divide the angle of 
those planes equally. 

Proh. XT. Through a given point, draw a right line that 
shall make given angles with the planes of projection. 

JProh. III. Through a given point, pass a plane that shall 
make given angles with the planes of projection. 

Proh. IV. Knowing the traces of a plane, and the horizontal 
projection of the diagonal of a square lying in this plane, find 
the projections of the square. 

Proh. Y. Knowing the projections of the three edges of a 
triedral angle, find the traces of a plane that shall cut these 
three edges at given distances from the vertex. 

Proh. VI. Circumscribe a sphere by a triangular pyramid. 

Proh. VII. Inscribe a sphere in a triangular pyramid. 
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